Over the past decade, the theory of tumor evolution has largely focused on the selective sweeps model. According to this theory, tumors evolve by a succession of clonal expansions that are initiated by driver mutations. In a 2015 analysis of colon cancer data, Sottoriva et al [34] proposed an alternative theory of tumor evolution, the so-called Big Bang model, in which one or more driver mutations are acquired by the founder gland, and the evolutionary dynamics within the expanding population are predominantly neutral. In this paper we will describe a simple mathematical model that reproduces qualitative features of the observed paatterns of genetic variability and makes quantitative predictions.
Introduction
In the multistage theory of carcinogenesis, it is thought that the sequence of "driver" mutations produces a series of selective sweeps. This theory has been confirmed by whole genome sequencing of cancer cells. Ding et al [10] have identified the clonal structure of eight relapsed acute myeloid leukemia (AML) patients. In one patient the founding clone 1 accounted for 12.74% of the tumor at the time of diagnosis. The additional mutations in clones 2 and 3 may have resulted in growth or survival advantages because they were 53.12% and 29.04% of the tumor respectively. Only 5.10% of the cells were in clone 4 indicating that it may have arisen last. However, the relapse evolved from clone 4 with the resultant clone 5 having 78 new somatic mutations compared to the sampling at day 170.
A mathematical theory has been developed for the clonal expansion model to make predictions about the level of intratumor heterogeniety [4, 14] , the number of passenger (neutral) mutations in cancer cells [2, 39] , and more practical questions such the evolution of resistance to treatment [21, 27, 38] , and the effectiveness of combination therapy [3, 25, 28] . See [12] for an introduction to the mathematics underlying many of these applications.
The picture of successive selective sweeps has been confirmed by comparing primary tumors and their metasases [42] , and by regional sequencing of breast cancer [29] , glioblastoma [33] , and renal carcinoma [17] . Thus it was surprising when Sottoriva et al [34] introduced and validated a 'Big Bang' model in which all driver mutations were present at the time of tumor initiation. They collected genetic data of various types from 349 individual tumor glands sampled from the opposite sides of 15 colorectal tumors and large adenomas. Data presented in Figure 3 of their paper shows that adenomas were characterized by mutations and copy number aberrations (CNA) that segregated between tumor sides. In contrast the majority of carcinomas exhibited the same private CNA in individual glands from different sides of the tumor. Following up on this observation, Ryser et al [31] found evidence of early abnormal cell movement in 8 of 15 invasive colorectal carcinomas ("born to be bad") but not in four benign adenomas. For more about recent developments see the review article by Sun, Hu, and Curtis [36] .
The mutation patterns found in [34] are similar to those found by Hallatschek et al [18] in a remarkable experimental paper. Two fluorescently labeled strains of E. coli were mixed and placed at the center of an agar plate containing a rich growth medium.
The central region of the plate exhibits a dense speckled pattern reminiscent of the initial mixed population. From this ring toward the boundary of the colony, the population segregates into single colored sectors with boundaries that fluctuate. [20] and [26] have developed and analyzed models for the development of sectors in the system.
In previous work [13] , we used the biased voter model [40, 7, 6] to model the microscopic tumor dynamics. The genealogies in that model are difficult to study, so we used ideas of Hallatschek and Nelson [19] to build an approximate model of the movement of genealogies. That attempt failed to reproduce observed patterns because it predicted extensive heterogeneity at small scales. We attribute that failure to continual turnover of cells in the interior of the tumor, so here we adopt a new approach in which tumor growth only occurs at the boundary. We will introduce four models: two for two-dimensional tumors and two for three dimensional tumors. In the terminology of interacting particle systems, two will use voter model dynamics, and two will use contact process dynamics. We describe the models and out results in the next four sections. A final section describes our conclusions.
Voter model d = 1 + 1
This model can be thought of as taking place in 1 + 1 dimensions, i.e., one space and one time. To formulate the model let L = {(k, ) ∈ Z 2 : ≥ 0, k + is even}. It would be more natural to have a growing circular tumor, but that is awkward for computations. The approach we take here should be thought of as studying a tumor that is large enough so that when we view the dynamics at the level of individual cells the curvature of the boundary can be ignored.
To study the dynamics we suppose that at time 0 each cell has its own type, which we set equal to its first (spatial) coordinate. We add a new layer of cells at each time step. The cell at (k, ) is the type of the cell at (k − 1, − 1) with probability 1/2 and the type of the cell at (k + 1, − 1) with probability 1/2, with the choices for different cells being independent. The use of L may look odd but it has the desirable property that the set of sites occupied by one type is always an interval
In making pictures of simulations the fact that are no cells at (k, ) with k+ odd is annoying so we adopt the mathematically equivalent approach that at even times (k, ) will imitate (k, − 1) or (k + 1, − 1) with equal probability, while at odd times (k, ) will imitate (k, −1) or (k−1, −1) with equal probability. This system is easy to analyze because the boundaries between types are random walks. In proving the next result we will consider the model on L.
n be the number of individuals at time n whose ancestor at time 0 is at 0. Then N 0 n is a lazy random walk with an absorbing state at 0 and transition probability p(k, k + 1) = p(k, k − 1) = 1/4, p(k, k) = 1/2 for k > 0.
Proof. Suppose that points at −2j, −2j + 2, . . . − 2, 0 are red at time n. If j ≥ 1 then the red region will surely contain −2j + 1, . . . − 1. It will contain 1 with probability 1/2, and will contain −2j − 1 with probability 1/2, so if the size k = j + 1 ≥ 2 the size goes from k + 1 to k, k + 1 and k + 2 with probabilities 1/4, 1/2, and 1/4. Suppose now that j = 0, so the size k = 1. By looking at the four cases for the choice of parent by −1 and by 1, then the size goes to 2, 1, and 0 with probabilities 1/4, 1/2, and 1/4. Let T 0 = min{n : N 0 n = 0}. Known results for the simple random that jumps by ±1 at each step extend easily to the lazy case with the result that
The decay of the number of regions can also be proved by using the duality between the voter model and coalescing random walk. To explain this on L, we draw an arrow from (k, ) → (k − 1, − 1) or (k, ) → (k + 1, − 1) depending on which site (k, ) imitated.
To determine the type of m at time n we follow its sequence of ancestors (m, n), (S 1 , n − 1), . . . (S n , 0) working backwards to determine that the type is S n . The path k → S k is a simple random walk. Let T k Figure 2 : Genealogies in the voter model be the genealogy of another site (j, n). If T = S then the two will agree at all later times. In words, when the random walks hit they coalesce to 1. It follows from results of Bramson and Griffeath [5] that the density of coalescing random walks and hence the number types at time n decays line cn −1/2 .
Let N 0 = ∞ n=0 N 0 n be the total number of descendents of the cell at 0 at time 0. Combining (1) with the fact that the typical distance between boundaries is 1 over the number of surviving lineages, we see that
Changing variables n = k 2/3 suggests
The proof, which is hidden away in an appendix, gives a precise value for the constant and involves some interesting facts for Brownian motion.
Contact process d = 1 + 1
Again we formulate the model on L = {(m, n) ∈ Z 2 : m ≥ 0, m + n is even}. A particle at (m, n) gives birth onto (m + 1, n + 1) at rate one and onto (m − 1, n + 1) at rate one, i.e., if we let t + m,n and t − m,n be independent exponential with mean one, then births to (m + 1, n + 1) and (m − 1, n + 1) are attempted at times T m,n + t + m,n and T m,n + t − m,n , where T m,n is the time (m, n) is first occupied. An attempted birth succeeds if the target sites is not yet occupied. Figure  3 gives a picture of a simulation.
To be able to simulate the process efficiently, we compute the times one row at a time using
If the first time is smaller we set the type ξ(m, n) = ξ(m − 1, n − 1). Otherwise ξ(m, n) = ξ(m + 1, n − 1). These dynamics are equivalent to oriented first passage percolation on L. We think of t + m−1,n−1 as the time it takes a fluid to traverse the edge from (m − 1, n − 1) → (m, n). With this interpretation T (m, n) is then the first time fluid appears at (m, n) if all points in L are wet at time 0. The paths that achieve the minimum time are called geodesics. They are the analogue of genealogies in the voter model. lated process, see [1] . To explain the connection we begin by defining the growth model Eden [15] introduced in 1951. It starts with the origin occupied at time 0. At each subsequent time one vacant site adjacent to the current set of occupied sites ξ n is added. In 1973 Richardson [30] showed the set grew linearly and had an asymptotic shape. In 1986 Kardar, Parisi, and Zhang [24] studied a growing Eden cluster interface in which randomly chosen vacant sites become occupied and argued that the rescaled height converged to the solution of a stochastic partial differential now called the KPZ equation.
More closely related to our work is that of Derrida and Dickman [9] who studied an interface problem for an Eden model that starts with blue particles at (x, 0) with x < 0 and red particles at (x, 0) with x ≥ 0. They showed that on the line y = n the distance of the interface from the origin is of order n 2/3 . For more simulations see Saito and Muller-Krumbhaar [32] .
Hallatschek et al [18] found similar behavior for the interfaces between different colors in their experiments with fluorescently labeled yeast strains. Statistical analysis of data showed that the wandering exponent for boundaries was ζ = 0.65 ± 0.05 and based on [9] concluded that ζ = 2/3. Figure 5 gives our results for the decrease of the number of types versus time.
We cannot use the theory of coalescing random walks, as we did for the voter model, but using the fact that the typical distance between boundaries is 1 over the number of surviving lineages, we see that
Changing variables n = k 3/5 suggests that when k is large P (N 0 > k) ≈ ck −2/5 . This agrees with the result found by Fusco et al [16] . See their Figure 3 .
Voter model in d = 2 + 1
We formulate our model on H = {( , m, n) ∈ Z 3 : n ≥ 0}. The cell at ( , m, n) imitates one of five individuals from the previous time probability 1/5 each:
The site ( , m, n) is included because otherwise there would be no interaction between the sites with + m + n even and those with + m + n odd. As in the voter model in 1 + 1 dimensions, we assume that at time 0 all the sites have different types which are given by their spatial location. As Figure 6 shows, the clusters of sites with the same type are small and are intermixed. To study the distribution of types in this process we again use the duality between the voter model and coalescing random walk. As in 1 + 1 dimensions we draw an arrow from ( , m, n) to the site in the previous generation that it imitated. To determine the state of (x 0 , y 0 , t) we follow the path of arrows backward to time 0. If the path ends at (x t , y t , 0) then (x 0 , y 0 , t) has type (x t , y t ). The path (x s , y s , t − s) can be thought of as the genealogy of the individual (x 0 , y 0 , t). The first two coordinates of the path is a random walk that jumps to the four nearest neighbors of (x m , y m ) with probability 1/5 each and stays where it is with probability 1/5.
If we consider random walks starting from two starting points (x 0 , y 0 , t) and (x 0 , y 0 , t) then the two genealogies agree after they hit. It is for this reason the collection of dual paths is said to be a coalescing random walk. In two dimensions random walk is recurrent, so any two genealogies will eventually hit. This implies that if x = y then (ξ t (x) = ξ t (y)) → 0, so if we look at the voter model on a square with side L then the probability we see two different types at time t converges to 0 as t → ∞. As the simulation in Figure 6 suggests this takes a very long time
To quantify this we begin with result of Bramson and Griffeath [5] which shows that the density of particles in a continuous time two-dimensional coalescing random walk that jumps at rate one to one of its four nearest neighbors converges to 0 like 1 π log n n (4)
In our discrete time coalescing random walk the density is ∼ C(log n)/n. It is not easy to compute the constant C for our discrete time random walk, but if we use C = 1/π we would conclude that there are an average of 13.5 types present in a box of side 400 at time 2000. While the picture of the voter model may be pretty, the distribution of types is not what we expect in a slice through a three dimensional solid tumor. Results for random walks imply that the probability that random walks starting from adjacent sites have not coalesced by time t is ∼ c/ log t. From this it follows that the number of genotypes in a t 1/2 ×t 1/2 is of order t/(log t), so there is considerable heterogeneity at small scales. For this and more on the intricate spatial structure of the two dimensional voter model, see Cox and Griffeath [8] .
Contact process in d = 2 + 1
Again we formulate our model on H = {( , m, n) ∈ Z 3 : n ≥ 0}. Let z 1 = (−1, 0), z 2 = (0, 1), z 3 = (0, 0), z 4 = (0, −1), and z 5 = (1, 0). If we let w = ( , m) and t i w,n , 1 ≤ i ≤ 5 be independent exponential with mean one, then births from (w, n) to (w + z i , n + 1) to are attempted at times T w,n + t i w,n and where T w,n is the time ( , m, n) is first occupied. The births succeed if the sites are not yet occupied. Figure 7 show cross sections of the the growing tumor at n = 400 and n = 2000. Note that in contrast to the voter model simulation in Figure 6 , the regions occupied by different types are solid, as we would expect in a growing tumor.
Fusco et al [16] , see their Table 1 , predicted that clone sizes in three dimensions has P (N 0 > k) ≈ ck −0.55 . Figure gives Changing variables n = k 1/2.32 , gives P (N 0 > k) ≈ k −0.57 .
Conclusions
We have investigated two models for the growth of a solid tumor with the aim of reproducing genotype patterns found in a recent study of colon cancer [34] .
In both models growth only occurs at the boundary. In two dimensions both the voter and contact versions of the model produce solid regions of cells that have the same genotype. However, the two models make different predictions about the sizes of these regions.
In three dimensions, the voter model has unrealistic small scale heterogeneity, while the contact process version produces solid regions with smooth boundaries. Based on the results presented here it seems that the contact process model, which is equivalent to first passage percolation reproduces genotype patterns found in solid tumors. Genealogies are not eas- ily to study mathematically. Boundary fluctuations in two dimensions are conjectured to have a complicated limit distribution. In d = 3 we have no idea how to compute the probability that a type survives to time n. However, the process is easily simulated and the observed patterns can be compared to sequencing data from cancer tumors.
A Proof of Theorem 1
Let B t , t ≥ 0 be Brownian motion and let τ 0 = inf{t : B t = 0}. Let B t be a Brownian motion started at > 0 and let
be the Brownian meander. In [11] it was shown that if S n is a simple random walk with S 0 = 1 then
where the weak convergence occurs in C[0, 1]. Using the continuous mapping theorem it follows that
The corresponding result for our lazy random walk is
Combining this with (1) gives a limit result for the size of families conditioned that they do not die out by time n The Brownian excursion W 0 t , 0 ≤ t ≤ 1 can be defined as either the Brownian Bridge conditioned to stay positive or the Brownian meander conditioned to end at 0. It is known that if S n is a simple random walk with S 0 = 1 then as n → ∞ through the even integers
where the weak convergence occurs in C[0, 1]. Using the continuous mapping theorem it follows that The area of the Brownian excursion, A 0 , arises in the enumeration of connected graphs [41, 35] and many other problems in combinatorial theory [22] . Takacs [37] found an explicit formula as an infinite series of confluent hypergeometric functions. Janson and Louchard [23] derived asymptotics for the density f 0 (x) ∼ Cx 2 e −x 2 /6 where C = 72 6/π Janson [22] computed moments of the Brownian excursion EA 0 = π/8, E(A 2 0 ) = 5/12 and the Brownian meander.
Let N 0 = ∞ m=0 N 0 m . Combining (1) with (A.1) we see that 
